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The stationary states induced by an eleetric field in nematic layers with weak
boundary anchoring are described by means of the Taylor expansion method based
on catastrophe theory. The planar, twisted and supertwisted structures are
considered. The analysis is extended to materials with negative dielectric ani-
sotropy. Several types of behaviour are found. The possibility of switching between
twisted and homeotropic states is suggested.

1. Introduction

The strength of the interaction between the liquid crystal and the substrate
determines the boundary conditions governing the equilibrium states of the layer. Its
role for the transitions induced by an external field was shown for the first time in [1],
where the threshold field was related to the anchoring energy. The effect of finite
anchoring forces was investigated theoretically for the planar, homeotropic and twisted
nematic layers [2-5]. The problem of finite boundary coupling is important for surface
stabilized ferroelectric liquid crystal layers [6]. In [7], the general criteria for the
existence of first order transitions in weakly anchored nematic layers were discussed.
The role of the finite surface anchoring for the measurement of elastic constants was
stressed in [8]. Usually the variational method was used in the calculations. Recently,
the influence of the anchoring energy on the critical field for the transition of a planar
layer was considered by use of trial functions [9]. The stationary states, which are
related with such systems, can be studied by means of the method derived from
catastrophe theory [10], as shown for instance in [11] and [12].

In this paper, three kinds of nematic layers are considered with the assumption of
weak anchoring: planar, twisted nematic and supertwisted nematic. The role of finite
surface anchoring and of some other material and geometrical parameters is
investigated. The results are of a qualitative character. Some new effects occurring for
materials with negative dielectric anisotropy, Ae, are predicted. Other results agree with
previous work. The method used here was described in previous papers [11,12]. It is,
therefore, only briefly sketched in § 2, where the present problem is formulated. Section
3 contains the results of calculations and section 4 is devoted to discussion.

2. Method
The idea of the method applied here is as follows. The free energy of the layer, G, is
expressed as a function of the angles, which are sufficient for the quantitative
determination of the director distribution. The critical points of G are found and their
degeneracy is investigated. In the vicinity of each degenerate critical point, the function
G is reduced to the catastrophe, ie., to the topologically equivalent function of a
standard form. The catastrophe yields a qualitative picture of the behaviour of the layer
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at small deformations, since it gives the number and disposition of the equilibrium
states of the system in the vicinity of its critical points. The first step of the procedure
used for the determination of a suitable catastrophe is an expansion in a Taylor series in
the neighbourhood of the chosen critical point. Next the second derivative matrix H is
diagonalized and the non-essential variables are eliminated. This leads to a rather
complicated form of the final expansion coefficients. It is useless to write them explicitly
and the calculations must be performed numerically. The resulting power series is then
limited to the order necessary for a proper description of the system. This order is
determined separately. In the situations presented the sixth order terms should be
retained; these give rise to the butterfly catastrophe.

It is assumed that the nematic material, characterized by the elastic constants k, ,,
k,,, and k33, and dielectric permittivities £ and ¢, is confined between two electrodes,
placed parallel to the (xy) plane at z= +d/2. An intrinsic pitch, 24, caused by chiral
additives, may be introduced. The directions of the alignment at the lower and upper
surfaces are twisted by an angle ®. It is assumed that they are fixed and do not change
under the action of the field. Therefore, the energy of the anchoring at each surface
depends only on the surface tilt angle . Its value per unit area is measured by the
coeflicient y and may be approximated by

Gsurface = —’))COSZ '// (1)

The director orientation within the layer is determined by the angles 6 and o, between
the director and the xy and yz planes, respectively. The electric field is applied along the
z axis. The total free energy per unit area of the layer is given by

d/2
G= iy j [(cos? 0+ ky sin? 6)(06/0z)* + 2k,(d/A) cos? B(0w/dz)

2 —dj2
+cos? O(k, cos? 0+ ky, sin? 8)(0w/dz)*] dz
3 42 dz -1 5
_U2A L R
U 880<2ﬂ_[-a/2 T s’ 0) 2ycos?y, 2

where B=Asg/e,, k,=k3;3/k11, k,=k,,/k;, and U is the applied voltage. If small
deformations are assumed, then the angles 6(z) and o(z) can be approximated by

0(z) =y + £ cos (nz/d), (3)
o(z)=®z/d + y sin (2nz/d). 4

The energy G(&yy) can be analysed in the vicinity of its critical points.

There are two critical points. The first is due to the undeformed state £=0, yy =0,
x=0. The second is determined by £=0, Yy =n/2, y=0, and is due to the uniform
director distribution normal to the plates. In the following, these states will be denoted
as the lower and the upper. Both of the critical points are degenerate, ie., the
determinant of the matrix H vanishes for some sets of parameters. The most
significant critical parameter is the threshold value of the applied electric field or
voltage.

3. Results
The butterfly catastrophe is obtained from the analysis of the Taylor expansion of
G; it predicts several types of behaviour of the layer. The deformations found in the
vicinity of the threshold voltage in the lower and upper states are combined together in
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a way similar to that used in [12]. The resulting types of behaviour are presented in
figures (a)~(k). The angle 8,,= ¢+, measuring the midplane director orientation, is
plotted against the reduced voltage u=(U/U)*A¢/|Aé|. In this way, the left hand part of
each diagram illustrates the behaviour for A¢ < 0 and the right hand part that for Ae> 0.
Since the method based on catastrophe theory gives qualitative results, only the shapes
of the 8,(u) dependences are drawn in the figure. The values of the reduced threshold
voltage can be very well approximated by means of equation (5) (see later), (the
inaccuracy is due to the model character of the functions 6(z) and w(z), defined by
equations (3) and (4)). The example sets of parameters, leading to each of the possible
situations, are given in the table.

3.1. Thresholds
The threshold voltages for the lower and upper states, denoted as u; and u,,
respectively, are determined by the degeneracy condition det H=0. Its solutions have
the form

—B+./(B*—4AC)

24 ’ G)

U, 2=

where A=n2—8. For the lower state
B=—2n? - 8)[(®/m)(k, — 2k, — 2k (d/A)®/m)] — dyd/k, — 72,
C = (n? — 8)[(®/m)(ky, — 2k)) — 2k (d/ A)(®/m)]? (6)
+(n? + dyd/k ) [(®/m)*(ky, — 2k,) — 2k (d/A)(D/m)] + dyd/k

L/
0° : 1
0 0 0
I90°d G/D- F e f ’7

g 0 1
@ 0 0 0
0 0 0
L]
0 -
0 0

u—

The schematic presentations, (a)-(k), of the shapes of the 8, (u) dependence showing the stability
of the lower and upper states and the possibilities of transitions between them. The sets of
parameters, leading to each situation, are given in the table.
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The examples of the parameters leading to various types of behaviour of the nematic cells (¢, =7,

g=vydfky).
Supertwisted
Twisted nematic cell
Planar nematic cell (@=m,d=—4)
Figure k, k Ae g k, Kk Ae g ky k. As g
(a) 1.8 07 50 50 1.8 07 20 30 12 07 50 50
b) 18 07 90 50 18 07 50 20 18 07 100 50
(¢ 18 07 10 20 15 07 50 S50
d) 18 07 15 20 18 07 50 50
(e 18 07 10 15 -8 07 50 30
N 18 07 50 1-5 18 07 100 30
)] 18§ 07 5-1 07 18 07 5-1 07
)] 0 10 5-1 07
) 10 10 5-1 05
() 12 10 5 -1 05
(k) 5 04 10 30

and for the upper state
B=2(n? —8)[(®/m)*ky, + 2k (d/A)(®/n)] — dyd/k, | + n°ky,
C=(n*—8)[(®/m)*k, + 2k (d/A)(®/m)]? (™)
+ (n?ky, — dyd [k Y(D®/m)*ky + 2k (d/ AN @/n)] — dkyyd/k ;.

From the two possible solutions with equal signs, that with the smaller absolute value is
taken for the threshold. The sign of the threshold indicates the sign of the diclectric
anisotropy, for which the critical phenomena occur.

Several situations, resulting from the signs of u; and u, and from the relations
between them, are possible: (i) u,>u, >0, (ii) u, >0 and u, <0, (iii) u, <u, <0, (iv)
uy >, >0, (v) 4, >0 and u, <0, (vi) u, <u; <0. The details of the deformations in the
layer in these situations will be described further. Here, let us note that the cases (i}{v),
include the behaviour of the planar and twisted nematic cells studied in [2] and [5].
The results obtained there agree very well with the values of the corresponding
threshold voltages calculated from equation (5), as well as with their dependence on 7.
The values of u, are also in agreement with results presented in [4].

Four ranges of surface interaction strength can be distinguished. They are denoted
as strong, medium, weak and very weak. They correspond to various classes of the
behaviour of the layer. Their limits are difficult to specify generally, as they depend on
other parameters.

3.2. Planar cell ( @=0, d/1=0)

The threshold voltages in this case are always positive: u, >u, >0. This reflects the
obvious fact that the material with Ae <0 is absolutely stable in the electric field. The
behaviour of nematics with a positive dielectric anisotropy is shown in figures (a) and
(b). If Ae is sufficiently high, then the transition from the upper state is discontinuous
and a hysteresis is possible. The threshold values tend to zero with decreasing
anchoring energy.
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3.3. Twisted nematic cell (®=m/2, d/A=0)

Several types of behaviour are predicted in this system. The relation between u; and
u, is influenced by the anchoring energy coefficient y and by the relative magnitudes of
k, and k.. As we can see from equations (6) and (7), the lower threshold depends on the
value of the expression k, —2k,, whereas the upper threshold depends only on k.

For high y case (i) takes place. The discontinuities may occur at the lower or at the
upper transition, or at both. The deformations are illustrated in figures (a)-(d). If the
anchoring is of medium strength, then case (iv) occurs. The transitions between the
lower and the upper states are discontinuous (see figure (e)). However for high Ae the
deformation of the lower state begins continuously (see figure (f)).

For weak anchoring two possibilities can be distinguished. If k, differs significantly
from k,, then case (v) takes place and both states can be stable in the absence of the field.
Transitions between them are possible given a suitable sign of A¢ and are illustrated in
figure (g). The upper state is absolutely stable for positive anisotropy whereas the lower
stateis stable for the negative case. If k, & k, then case (ii) occurs. The twisted structure is
deformed in the absence of the field. For Ae>0 the field induces a transition to the
upper state, whereas for As<0 the lower state is reached (see figure (h)).

At very weak anchoring, the homeotropic state is stable without the field. Cases (iii)
and (vi) are possible depending on the relation between k, and k,. The transition to the
lower state is possible if Ae <0 (see figures (i) and (j), respectively).

3.4. Supertwisted nematic cell (®>n/2, d[1#0)

All relations between the upper and the lower thresholds with the exception of (vi)
were found in this case. All types of behaviour shown in figures (a){g) can take place
(the situation presented in figure (k) was not found for typical elastic constants). There
exists also another possibility due to case (iv) shown in figure (k).

4. Discussion

The Taylor expansion of the total free energy G contains only even terms. This
corresponds to the incomplete form of the butterfly catastrophe. However, because of
the complexity of the resulting expressions, no additional perturbation leading to the
odd terms, (for example, in the form of the initial surface tilt), was introduced. In some
cases discontinuous transitions occur far from the threshold. It is impossible to
determine the value of u for such a transition. Therefore, the width of the hysteresis
shown in figures (b), (c), (d), (f) and (k) cannot be calculated. The problem of the
occurrence of some other similar situations which are potentially possible cannot be
solved.

The results obtained here agree with those obtained by others. Some of the
possibilities of discontinuous transitions discussed in [7] are found for the twisted
structures. However the behaviour of the twisted nematic layer at the upper state
predicted in [4] does not correspond to any catastrophe. Since such a typical case of
critical effect should be describable by a catastrophe, we may suspect that this
behaviour is incorrect.

The most interesting effects predicted here are the transitions which may be
expected between the equilibrium states revealed for Ae <0. They can occur for weak
and very weak surface anchoring. In twisted nematic cells reversible transitions may
occur between the deformed zero-field state and the lower state (see figure (h)) or
between the lower and upper states (see figures (i) and (). They should be accompanied
with a remarkable change in the optical transmission of the layer between polarizers.
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Another interesting possibility results from the configuration of states shown in figure
1(g). The twisted nematic and supertwisted nematic cells could be switched between the
upper and lower states by use of a nematic material with frequency dependent diclectric
anisotropy. The low frequency signal, for which Ae>0, causes the transition to the
homeotropic state, whereas the high frequency signal, for which Ae <0, gives the reverse
transition to the twisted state. Both states are separated by an energy barrier and are
stable in the absence of the field. The supertwisted structure with high ® possesses these
features at somewhat stronger anchoring than the twisted nematic cell, and seems to be
more convenient.

The solution for the planar cell can be transferred to the problem of stationary
states in the homeotropic cell with weak anchoring. In this case,  measures the
deviation from the initial perpendicular orientation. The roles of k,; and k;, are
interchanged. The behaviour presented in figures (a) and (b) is expected.

Analogous results can be obtained for the smectic C layer with a bookshelf
geometry. The infinitely strong anchoring case was analysed by catastrophe theory
method in [13]. The elastic properties of the system are determined by the constant B,.
Under weak anchoring circumstances, the azimuthal angle ¢ has the same dependence
on u as shown in figures (a) and (b).
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